Abstract. Let X/Fq be a smooth geometrically connected variety. Inspired by work of CorletteSimpson over C, we formulate a conjecture that absolutely irreducible rank 2 local systems with infinite monodromy on X "come from families of abelian varieties". When X is a projective variety, we prove that a p-adic variant of this conjecture reduces to the case of projective curves. If one assumes a strong form of Deligne's (p-adic) companions conjecture from Weil II, this implies that the l-adic version of our conjecture for projective varieties also reduces to the case of projective curves. Along the way we prove Lefschetz theorems for homomorphisms of abelian schemes and Barsotti-Tate groups. We also answer affirmitavely a question of Grothendieck on extending abelian schemes via their p-divisible groups.
Introduction
A celebrated theorem of Corlette-Simpson [CS08, Theorem 11.2] may be phrased as follows: Theorem 1.1. (Corlette-Simpson) Let X/C be a smooth, connected, quasi-projective variety and let L be a rank 2 C-local system on X such that
• L has trivial determinant, • L has quasi-unipotent monodromy along the "divisor at ∞", • L has Zariski-dense monodromy inside of SL 2 (C), and • L is rigid. Then L "comes from a family of abelian varieties": there exists an abelian scheme π : A X → X such that
where Σ ⊂ Aut(C) is a finite subset of automorphisms of C, σ L is the local system obtained by applying σ to the matrices in the associated SL 2 (C) representation, and m σ ∈ N.
When X is projective, L being rigid means it yields an isolated (though not necessarily reduced) point in the character variety associated to π 1 (X). For general quasi-projective X, the notion of rigidity involves a character variety that "remembers" Jordan blocks of the various monodromies around ∞, see [CS08, Section 6] or [EG17, Section 2] for a precise definition. In proving their theorem, CorletteSimpson in fact prove that there is a map X → M where M is a "polydisc DM Shimura stack" that realizes L and all of its complex conjugates, see [CS08, Section 9] . Theorem 1.1 verifies the rank 2 case of a conjecture of Simpson that roughly states "rigid semi-simple C-local systems on smooth complex varieties are motivic" (e.g. when X is proper, this is [Sim91, Conjecture 4] ). This article is concerned with an arithmetic analog of Corlette-Simpson's theorem. For future reference, we call it Conjecture R2. Conjecture 1.2. (Conjecture R2) Let X/F q be a smooth, geometrically connected, quasi-projective variety, let l = p be a prime, and let L be a lisse Q l -sheaf of rank 2 such that
• L has determinant Q l (−1) and • L is irreducible with infinite geometric monodromy. Then L comes from a family of abelian varieties: there exists a non-empty open U ⊂ X with complement of codimension at least 2 together with an abelian scheme
mσ where σ L runs over the l-adic companions of L and m σ ∈ N.
We suppose that det(L) ∼ = Q l (−1) to avoid Tate twists in the formulation. For the definition of l-adic companions, see Remark 4.2. The main evidence for Conjecture 1.2 comes from Drinfeld's first work on the Langlands correspondence for GL 2 . Theorem 1.3. (Drinfeld) Let C/F q be a smooth affine curve and let L be as in Conjecture 1.2. Suppose L has infinite (geometric) monodromy around some point at ∞ ∈ C\C. Then L comes from a family of abelian varieties in the following refined sense: let E be the field generated by the Frobenius traces of L and suppose [E : Q] = g. Then there exists an abelian scheme π : A C → C of dimension g and an isomorphism E ∼ = End C (A) ⊗ Q, realizing A as a GL 2 -type abelian variety, such that L occurs as one of the summands in the decomposition
under the idempotents of E ⊗ Q l ∼ = v|l E v . Moreover, A C → C is totally degenerate around ∞.
See [ST18, Proposition 19, Remark 20] for how to recover this result from Drinfeld's work.
Remark 1.4. Conjecture 1.2 can be generalized to the l = p case, replacing L with E, an overconvergent F -isocrystal with coefficients in Q p (Section 3). Such objects are a p-adic analog of lisse l-adic sheaves.
The goal of this article is to use the p-adic companions conjecture to shed light on Conjecture 1.2. (See Definition 4.5 for the definition of a "complete set of p-adic companions".) In particular, we prove that a p-adic variant of Conjecture 1.2 for projective varieties "reduces to the case of projective curves".
Theorem. (Theorem 9.8) Let X/F q be a smooth projective variety and let E be a rank 2 object of F-Isoc † (X) Q p as in p-adic Conjecture 1.2. Suppose there exists a complete set of p-adic companions (E v ) for E. Suppose further there is a "good curve" C ⊂ X (with respect to (E v )) such that the restriction E C comes from a family of abelian varieties of dimension g. (See Setup 8.1.) Then E comes from a family of abelian varieties of dimension g as in Conjecture 1.2.
Corollary. Let S/F q be a smooth projective surface and let L be as in Conjecture 1.2. Suppose there is a complete set of p-adic companions to L. Suppose for all smooth ample curves C ⊂ S, the restriction L C to C comes from a family of abelian varieties.. Then L comes from a family of abelian varieties.
In general, the existence of a complete set of p-adic companions may be seen as a strong form of Deligne's petits camarades cristallin conjecture: see Conjectures 4.8 and 4.9. When we place certain conditions on the splitting of p in E, the field of traces of E, the existence of a single p-adic companion guarantees the existence of all of them by Corollary 4.16. Therefore we have the following Corollary. Let S/F q be a smooth projective surface and let E be an irreducible rank 2 p-adic coefficent object as in Conjecture 1.2. Suppose that the field E of Frobenius traces of E has p inert. Suppose further that for all smooth ample curves C ⊂ S, the restriction E C to C comes from a family of abelian varieties. Then E comes from a family of abelian varieties.
In a nutshell, our strategy is to use the p-adic companions to construct a (non-canonical) p-divisible group on U ⊂ X, use Serre-Tate theory to construct a formal (polarizable) abelian scheme over the formal scheme X /C and then algebraize. As a key step, we record an affirmative answer to a question of Grothendieck [Gro66, 4.9 
]:
Theorem. (Corollary 7.8) Let X be a locally noetherian normal scheme and U ⊂ X be an open dense subset whose complement has characteristic p. Let A U → U be an abelian scheme. Then A U extends to an abelian scheme over X if and only if A U [p ∞ ] extends to X.
Combined with algebraization techniques, there is the following useful consequence:
Corollary. (Corollary 9.5) Let X/k be a smooth projective variety over a field k of characteristic p with dim X ≥ 2, let D be a smooth, very ample divisor of X, and let A D → D be an abelian scheme. Suppose there exists a Zariski neighborhood U of D such that A D [p ∞ ] extends to a Barsotti-Tate group G U on U . Then there exists a unique abelian scheme
Remark 9.7 shows that hypothesis on the dimension is necessary. Finally, we prove "Lefschetz"-style theorems for homomorphisms of abelian schemes and p-divisible groups.
Theorem. (Theorem 8.7) Let X/k be a smooth projective variety over a field k with dim X ≥ 2 and let U ⊂ X be a Zariski open subset whose complement has codimension at least 2. Let A U → U and B U → U be abelian schemes over U . Let D ⊂ U be a smooth ample divisor of X. Then the natural restriction map
is an isomorphism when tensored with Q. If the cokernel is non-zero, then char(k) = p and the cokernel is killed by a power of p.
Interestingly, the restriction map in Theorem 8.7 is not always an isomorphism in characteristic p; Daniel Litt has constructed a counterexample using a family of supersingular abelian threefolds over P 2 , see Example 8.9.
Theorem. (Lemma 8.6) Let X/k be a smooth projective variety over a field k of characteristic p with dim X ≥ 2 and let U ⊂ X be a Zariski open subset with complement of codimension at least 2. Let G U and H U be Barsotti-Tate groups on U . Let D ⊂ U be a smooth, very ample divisor in X. Then the following restriction map
is injective with cokernel killed by a power of p.
We now make some general remarks on Conjecture 1.2.
Remark 1.5. It is conjectured that if X/F q is an irreducible, smooth variety, then all irreducible lisse Q lsheaves L with trivial determinant are "of geometric origin" up to a Tate twist (Esnault- Work-in-progress is trying to generalize Theorem 9.8 to the non-projective case, with totally degenerate reduction; we hope to be able to generalize Drinfeld's Theorem 1.3 to the case of higher-dimensional bases, again assuming the existence of a complete set of crystalline companions. The authors hope this work helps further reveal the geometric content of p-adic coefficient objects; more specifically that they are analogous to variations of Hodge structures. Deligne's Conjecture 4.8 was presumably formulated with the hope that such local systems are of geometric origin; here, we deduce "geometric origin" conclusions from the existence of p-adic companions.
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Notation and Conventions
• The field with p elements is denoted by F p and F denotes a fixed algebraic closure.
• A variety X/k is a geometrically integral scheme of finite type.
• If X is a scheme, then X
• is the set of closed points.
• If k is a field, l denotes a prime different than char(k).
• If E is a number field, then λ denotes an arbitrary prime of E.
• An λ-adic local field is a finite extension of Q λ .
• If L/K is a finite extension of fields and C is a K-linear abelian category, then C L is the basechanged category. If M/K is an algebraic extension, then C M is the 2-colimit of the categories C L as M ranges through the finite extensions of
Dieudonné crystal.
• If X/k is a smooth scheme of finite type over a perfect field k, then F-Isoc † (X) is the category of overconvergent F -isocrystals on X (with coefficients in Q p .)
• If X is a noetherian scheme and Z X is a non-empty closed subscheme, then X /Z is the formal completion of X along Z.
Coefficient Objects
For a more comprehensive introduction to the material of this section, see the recent surveys of Kedlaya [Ked16, Ked18] ; our notations are consistent with his (except for us l = p and λ denotes an arbitrary prime). Throughout this section, k denotes a perfect field, W (k) the ring of Witt vectors, K(k) the field of fractions of W (k), and σ is the canonical lift of absolute Frobenius on k.
Let X be a normal variety over F q and F a fixed algebraic closure of F q . Denote by X the base change X × Spec(Fq) Spec(F). We have the following homotopy exact sequence
(suppressing the implicit geometric point required to define π 1 ). The profinite group Gal(F/F q ) has a dense subgroup Z generated by the Frobenius. The inverse image of this copy of Z in π 1 (X) is called the Weil Group W (X) [Del80, 1.1.7]. The Weil group is given the topology where Z is discrete; this is not the subspace topology from π 1 (X).
Definition 3.1. [Del80, 1.1.12] Let X be a normal variety over F q and K an l-adic local field. A (lisse) Weil sheaf of rank r with coefficients in K is a continuous representation W (X) → GL r (K). A (lisse) étale sheaf of rank r with coefficients in K is a continuous representation π 1 (X) → GL r (K). We denote the category of Weil sheaves with coefficients in K by Weil(X) K .
Every lisse étale sheaf with coefficients in K yields a lisse Weil sheaf with coefficients in K. Conversely, any lisse Weil sheaf with finite determinant is the restriction to W (X) of an étale sheaf [Del80, 1.3.4].
Definition 3.2. Let C be a K-linear additive category, where K is a field [Sta18, Tag 09MI]. Let L/K be a finite field extension. We define the base-changed category C L as follows:
• Objects of C L are pairs (M, f ), where M is an object of C and f : L → End C M is a homomorphism of K-algebras. We call such an f an L-structure on M .
• Morphisms of C L are morphisms of C that are compatible with the L-structure.
Fact 3.3. Let C be a K-linear abelian category and let L/K be a finite field extension. Then there are functors Ind
called "induction" and "restriction". Restriction is right adjoint to induction. Both functors send semisimple objects to semi-simple objects.
Proof. For a description of induction and restriction functors, see [Kri17, Section 3] . The fact about semi-simple objects follows immediately from [Kri17, Corollary 3.12].
Given an object M of C, we will sometimes write
The category of Q l -Weil sheaves, Weil(X), is naturally an Q l -linear neutral Tannakian category, and Weil(X) K ∼ = (Weil(X)) K , where the latter denotes the "based-changed category" as above. We define Weil(X) Q l as the 2-colimit of Weil(X) K as K ⊂ Q l ranges through the finite extensions of Q l . Alternatively Weil(X) Q l is the category of continuous, finite dimensional representations of W (X) in Q l -vector spaces where Q l is equipped with the colimit topology.
Definition 3.4. Let X/F q be a smooth variety and let x ∈ X
• be a closed point of X. Given a Weil sheaf L on X, we get a Weil sheaf L x on x. Denote by F r x the geometric Frobenius at x. Then F r x ∈ W (x) and we define P x (L, t), the characteristic polynomial of L at x, to be det(1 − F r x t|L x ). Now, let X/k be a scheme of finite type over a perfect field. Berthelot has defined the absolute crystalline site on X: for a "modern" reference, see [Sta18, TAG 07I5] . (We implicitly take the crystalline site with respect to W (k) without further comment; in other words, in the formulation of the Stacks Project, S = Spec(W (k)) with the canonical PD structure.) Let Crys(X) be the category of crystals in finite locally free O X/W (k) -modules. To make this more concrete, we introduce the following notation. A PD test object is a triple
where R is a W (k) algebra with I a nilpotent ideal such that Spec(R/I) "is" a Zariski open of X, and (γ i ) is a PD structure on I. Then a crystal in finite locally free modules M on X is a rule with input a PD test object (R, I, (γ i )) and output a finitely generated projective R module M R that is "functorial": the pull back maps with respect to morphisms of PD test-objects are isomorphisms. In this formulation, the crystalline structure sheaf O X/W (k) has the following description: on input (R, I, (γ i )), the sheaf O X/W (k) has as output the ring R. By functoriality of the crystalline topos, the absolute Frobenius F rob : X → X gives a functor F rob * : Crys(X) → Crys(X).
where M is a crystal in finite locally free modules over the crystalline site of X and F : F rob * M → M is an injective map of crystals.
We denote the category of F -crystals by F C(X); it is a Z p -linear category with an internal ⊗ but without internal homs or duals in general. There is a object Z p (−1), given by the pair (O X/W (k) , p). We denote by Z p (−n) the nth tensor power of Z p (−1).
Notation 3.6. [Ked16, Definition 2.1] Let X/k be a smooth variety over a perfect field. We denote by F-Isoc(X) the category of (convergent) F -isocrystals on X.
F-Isoc(X) is a not-necessarily-neutral Q p -linear Tannakian category. Denote by Q p (−n) the image of Z p (−n) and by Q p (n) the dual of Q p (−n). There is a notion of the rank of an F -isocrystal that satisfies that expected constraints given by ⊗ and ⊕. Unfortunately, F-Isoc(X) is not simply the isogeny category of F C(X); however, it is the isogeny category of the category of F -crystals in coherent modules (rather than finite, locally free modules). There is a natural functor F C(X) → F-Isoc(X) [Ked16, 2.2]. If X/k is a smooth projective variety, an F -isocrystal is supposed to be the Q p -analog of a lisse sheaf.
For general smooth X/k over a perfect field, it seems that there are two p-adic analogs of a lisse l-adic sheaf: a (convergent) F -isocrystal and an overconvergent F -isocrystal. When k is finite, Crew suggests that overconvergent F -isocrystals provide a better analog [Cre92] .
Notation 3.7. [Ked16, Definition 2.7] Let X/k be a smooth variety over a perfect field. We denote by F-Isoc † (X) the category of overconvergent F -isocrystals on X.
The category F-Isoc † (X) is a not-necessarily-neutral Q p -linear Tannakian category. There is a natural forgetful functor
which is fully faithful in general [Ked04, Theorem 1.1] and an equivalence of categories when X is projective.
Notation 3.8. For any finite extension L/Q p , we denote by F-Isoc † (X) L the base-changed category a.k.a. overconvergent F -isocrystals with coefficients in L.
Let k be a perfect field. Then an F -crystal on Spec(k) is "the same" as a finite free module M over W (k) together with a σ-linear injective map
Similarly, an F -isocrystal on Spec(k) is "the same" as a finite dimensional K(k)-vector space V together with a σ-linear bijective map F : V → V The rank of (V, F ) is the rank of V as a vector space. For general facts about F-Isoc(k), see [Kri17, Section 5] . Let L/Q p be a finite extension. Then F-Isoc(k) L is equivalent to the following category: objects are pairs (V, F ) where V is a finite free K(k) ⊗ Qp L module and F is a σ ⊗ 1-linear bijective map F : V → V and morphisms are maps of K(k) ⊗ Qp L-modules that commute with F [Kri17, Proposition 5.12]. Note that K(k) ⊗ Qp L is not necessarily a field. There is also a direct-sum decomposition of abelian categories:
which is inherited from the analogous decomposition of
L is the (thick) abelian sub-category with objects "isoclinic of slope λ".
Fact 3.9. Let k be a perfect field and let L/K be a finite extension of p-adic local fields. Then the adjoint functors Ind
Notation 3.10. We denote by F-Isoc † (X) Q p the 2-colimit of the base-changed categories over all finite
Qp . This is the category of overconvergent F -isocrystals on X with coefficients in Q p .
Remark 3.11. When k is a perfect field, F-Isoc(k) Q p has the following description. Objects are pairs
Let L/Q p be an algebraic extension and suppose
Definition 3.12. Let X/F q be a smooth variety, let L/Q p be an algebraic extension, and let E ∈
Notation 3.13. [Ked18, Notation 1.1.1] Let X/F q be a smooth connected variety. A coefficient object is an object either of Weil(X) Q l or F-Isoc † (X) Q p . We informally call the former the étale case and the latter the crystalline case.
Let K be an algebraic extension of Q l equipped with an embedding K ⊂ Q l . Then objects of Weil(X) K may be considered as étale coefficient objects. Similarly, if K is an algebraic extension of Q p equipped with an embedding K ⊂ Q p then objects of F-Isoc † (X) K may be considered as coefficient objects via the induction functor.
Definition 3.14. Let E be an étale (resp. crystalline) coefficient object. Let K be a subfield of Q l (resp. of Q p ) containing Q l (resp. containing Q p ). The following three equivalent phrases
Note that E having coefficient field L does not preclude E having coefficient field K for some sub-field K ⊂ L.
Definition 3.15. [Ked18, Definition 1.1.5] Let X/F q be a smooth variety and let F be a coefficient object on X with coefficients in Q λ . We say
In fact, semi-simple coefficient objects are determined by the "characteristic polynomials of Frobenius". In the étale case, this is a consequence of the Brauer-Nesbitt theorem and the Cebotarev density theorem. In the crystalline case, the argument is more subtle and is due to Tsuzuki [Abe18a, A.4.1].
Theorem 3.16. Let X/F q be a smooth variety over F q . Let F be a semi-simple coefficient object. F is determined, up to isomorphism, by P x (F , t) for all x ∈ X
• .
Definition 3.17. Let X/k be a smooth scheme over a perfect field. Let L be a p-adic local field and let E be an object of
Being effective is equivalent to the existence of a "locally free lattice stable under F ".
Compatible Systems and Companions
Definition 4.1. Let X/F q be a smooth variety. Let E and E ′ be algebraic coefficient objects on X with coefficients in Q λ and Q λ ′ respectively. Fix a field isomorphism ι :
We say that E and E ′ are companions if there exists an isomorphism ι : Q λ → Q λ ′ that makes them ι-companions.
Remark 4.2. For convenience, we spell out the notion of companions for lisse l-adic sheaves. Let X/F q be a smooth variety and let L and L ′ be lisse Q l and Q l ′ sheaves respectively. (Here l may equal l ′ .) We say they are companions if there exists a field isomorphism ι : Q l → Q l ′ such that under ι, the "characteristic polynomials of Frobenius agree": for every closed point x of X, there is an equality of
and furthermore this polynomial is in Q[t].
Remark 4.3. Note that the ι in Definition 4.1 and Remark 4.2 does not reference the topology of Q p or Q l . In particular, ι need not be continuous.
Definition 4.4. Let X/F q be a smooth variety and let E be a number field. Then an E-compatible system is a system of lisse E λ -sheaves (E λ ) λ∤p over primes λ ∤ p of E such that for every
and this polynomial is independent of λ.
Definition 4.5. Let X/F q be a smooth variety and let λ be a prime number. Let (E v ) v∈Λ be a finite collection of Q λ coefficient objects on X. We say they form a complete set of λ-adic companions if for every v ∈ Λ and for every ι ∈ Aut Q (Q λ ), there exists v ′ ∈ Λ such that E v and E v ′ are ι-companions.
The following definition of a complete E-compatible system involves all possible ι-companions.
Definition 4.6. Let X/F q be a smooth variety and let E be a number field. A complete E-compatible system (E λ ) is an E-compatible system together with, for each prime λ of E over p, an object
such that the following two conditions hold (1) For every place λ of E and every x ∈ X • , the polynomial
(2) For a prime r of Q, let Λ denote the set of primes of E above r. Then (E λ ) λ∈Λ form a complete set of r-adic companions for every r.
Example 4.7. Let E/Q be a totally real number field of degree g and let M be a Hilbert modular variety parametrizing principally polarized abelian g-folds with multiplication by a given order O ⊂ E. For most primes p of E, M has a smooth integral canonical modelM over O p ; moreover there is a universal abelian schemeÃ →M. Let π : A → M denote the special fiber of such a smooth canonical model together with the induced abelian scheme. Then E ֒→ End M (A) ⊗ Q and in particular the local system R 1 π * (Q l ) admits an action by
Here v ranges over the primes of E over l. Let e v denote the idempotent projecting
is a rank 2 lisse Q l -sheaf with an action of E v , in other words a rank 2 lisse E v -sheaf. It follows from the techniques of [Shi67, 11.9,11.10] that the L v are all companions. In fact, (L v ) v|l is a complete set of l-adic companions. If [E : Q] > 1 and l splits non-trivially in E, then these will in general be mutually non-isomorphic lisse l-adic sheaves. By ranging over all primes of Q (using relative crystalline cohomology at p) we obtain a complete E-compatible system.
We recall a conjecture of Deligne from Weil II [Del80, Conjecture 1.2.10].
Conjecture 4.8. Let X be a normal variety over a finite field k of cardinality p f with a geometric point x → X. Let l = p be a prime. Let L be an absolutely irreducible l-adic local system with finite determinant on X. The choice of x allows us to think of this as a representation ρ l : π 1 (X, x) → GL(n, Q l ). Then
(1) ρ l is pure of weight 0.
(2) There exists a number field E such that for all closed points x of X, the polynomial P x (L, t) has all of its coefficients in E. In particular, the eigenvalues of ρ l (F x ) are all algebraic numbers. (3) For each place λ ∤ p, the roots α of P x (L, t) are λ-adic units in E λ . (4) For each λ|p, the λ-adic valuations of the roots α satisfy
where N x is the size of the residue field of x. (5) After possibly replacing E by a finite extension, for each λ ∤ p there exists a λ-adic local system ρ λ : π 1 (X, x) → GL(n, E λ ) that is compatible with ρ l . (6) After possibly replacing E by a finite extension, for each λ|p, there exists a crystalline companion to ρ l .
The following conjecture may be seen as a refinement to (2), (5), and (6) of Conjecture 4.8.
Conjecture 4.9. (Companions) Let X/F q be a smooth variety. Let F be an irreducible coefficient object on X with algebraic determinant. Then there exists a number field E such that F fits into a complete E-compatible system.
The companions conjecture is surprising for the following reason: an l-adic local system is simply a continuous homomorphism from π 1 (X) to GL n (Q l ), and the topologies on Q l and Q l ′ are completely different. For one motivation behind Conjecture 4.9, see Remark 1.5. We summarize what is known about Conjecture 4.8 and Conjecture 4.9.
By work of Deligne, Drinfeld, and Lafforgue, if X is a curve all such local systems are of geometric origin (in the sense of subquotients). Moreover, in this case Chin has proved Part 5 of the conjecture [Chi04, Theorem 4.1]. Abe has recently constructed a sufficiently robust theory of p-adic cohomology to prove a p-adic Langlands correspondence and hence answer affirmatively part 6 of Deligne's conjecture when X is a curve [Abe18a, Abe18b] . Remark 4.13. The "p-companions" part of the conjecture is not known if dim C > 1. Given a coefficient object E λ and a non-continuous isomorphism ι : Q λ → Q p , it is completely unknown how to associate a crystalline ι-companion to E λ .
We remark that Part (4) of the Conjecture 4.8 is not tight even for n = 2.
Theorem 4.14. (Abe-Lafforgue) Let X/F q be a smooth variety and let E be an absolutely irreducible rank 2 coefficient object on C with finite determinant. Then for all x ∈ C • , the eigenvalues α of F x satisfy
Proof. Suppose X is a curve. Then when E is an l-adic coefficient object, this is [Laf02, Theorem VII.6.(iv)]. For a crystalline coefficient object, we simply apply Theorem 4.10 to construct an l-adic coefficient object.
More generally, [Dri12, Proposition 2.17] and [AE16, Theorem 0.1] function as "Lefschetz theorems" (see [Esn17] ) and allow us to reduce to the case of curves. They prove that for an irreducible crystalline coefficient object, the "generic consecutive slopes do not differ by more than 1", reminiscent of Griffith's transversality. There is also related forthcoming work of Kramer-Miller.
Finally, we make the following simple observation: under strong assumptions on the field of traces, the existence of companions with the same residue characteristic is automatic.
Corollary 4.16. Let X/F q be a smooth variety, E a number field, and F be an irreducible E-algebraic coefficient object with coefficients in Q p (resp. Q l ). If there is only one prime in E lying above p (resp. l), then all p-adic (resp. l-adic) companions exist.
Remark. The hypothesis of Corollary 4.16 are certainly satisfied if p (resp. l) is either totally inert or totally ramified in E.
Proof. We assume F is crystalline; the argument in the étale case will be precisely analogous. Suppose F ∈ F-Isoc(X) K where K/Q p is a p-adic local field; we might as well suppose K is Galois over Q p . As there is a unique prime p above p in E, there is a unique p-adic completion of E. We now explicitly construct all p-adic companions. For every g ∈ Gal(K/Q p ), consider the object
. We claim this yields all p-adic companions. Fix embeddings E ֒→ K ֒→ Q p . Then there is a natural map
given by precomposing with the fixed embeding. As there is a single p over p, this map is surjective. The result then follows from Theorem 3.16, and the fact that
Remark 4.17. In the crystalline setting of Corollary 4.16, the Newton polygons of all p-adic companions of F are the same at all closed points. This does not contradict the example [Kos17, Example 2.2]; in his example, p splits completely in the reflex field of the Hilbert modular variety, and the reflex field is the same as the field generated by the characteristic polynomial of Frobenius elements over all closed points.
Barsotti-Tate Groups and Dieudonné Crystals
In this section, again let X/k denote a finite type scheme over a perfect field. A convenient short reference for this section is de Jong's 1998 ICM address [dJ98a] . For a thorough introduction to p-divisible groups and their contravariant Dieudonné theory, see [Gro74, BBM82, CCO14] . In particular, there exist Dieudonné functors: given a BT group G/X one can construct a Dieudonné crystal D(G) over X. According to our conventions, D is the contravariant Dieudonné functor. Moreover, given a p-divisible group G on X, there exists the (Serre) dual, which we denote by G t (see [CO09, 10.7] or [CCO14, 1.4.1.3]), whose constituent parts are obtained via Cartier duality of finite, locally free group schemes.
Definition 5.4. [CCO14, 3.3] Let G and H be Barsotti-Tate groups on X with the same height. Then an isogeny is a homomorphism φ : G → H whose kernel is represented by a finite, locally free group scheme over X.
Definition 5.5. [CCO14, 1.4.3] Let G be a Barsotti-Tate group on X. A quasi-polarization is an isogeny φ : G → G t that is skew-symmetric in the sense that φ t = −φ under the natural isomorphism G → (G t ) t .
Notation 5.6. Let G be a Barsotti-Tate group on X. We denote by QP ol(G) the set of quasipolarizations of G.
The next theorem is a corollary of [dJ95, Main Theorem 1].
Theorem 5.7. (de Jong) Let X/k be a smooth scheme over a perfect field of characteristic p. Then the category BT (X) is anti-equivalent to DC(X) via D.
When working integrally, we work with general orders, not only maximal orders. Let O be a finite, flat Z p -algebra. (All of our algebras are assumed to be associative!) Let F C(X) O denote the category whose objects are pairs (M , ι) where M is an F -crystal and ι : O → End(M ) is an injective, Z p -linear map and whose morphisms respect ι. We call such a pair (M , O) an F -crystal with multiplication by O. Similarly, let DC(X) O (resp. BT (X) O ) denote the category of Dieudonné crystals (resp. Barsotti-Tate groups) with multiplication by O, defined by exactly the same formula.
We have the following immediate corollary of de Jong's theorem.
Corollary 5.8. Let X/k be a smooth scheme over a perfect field of characteristic p and let O be a finite flat Z p -algebra. Then the category BT (X) O is anti-equivalent to the category DC(X) O via D.
The following lemma is a formal consequence of the definitions; it says that two natural notions of "isogenous F -crystals with O-structures" coincide.
Lemma 5.9. Let U/k be a smooth scheme over a perfect field of characteristic p. Let M and N be F -crystals on U , each with multiplication by O ⊂ K, an order in a p-adic local field. If
as objects of F-Isoc(U ) K , then M and N are isogenous as F -crystals with O-structure.
Proof. Take any isomorphism
is an injective map of F -crystals of the same rank. Moreover, p n φ commutes with O because it commutes with K when thought of as a map between F -isocrystals. Therefore p n φ is an isogeny between M and N respecting the O-structure as desired.
The following notion of duality of Dieudonné crystals is designed to be compatible with (Serre) duality of BT groups. In particular, the category DC(X) admits a natural anti-involution. 
The operators F and V are defined as follows: if (R, I, (γ i )) is a PD test object and f ∈ Hom R (M (R), R),
It is an easy exercise to check that these rules render M ∨ a Dieudonné crystal.
We record the following lemma, which is surely well-known, as we could not find a reference. It compares the dual of a Dieudonné crystal with the dual of the associated F -isocrystal.
Lemma 5.12. Let M = (M, F, V ) be a Dieudonné crystal on X. Then the following two F -isocrystals on X are naturally isomorphic
Proof. There is a natural perfect pairing to the Lefschetz F -crystal
as F V = p. There is also a perfect pairing
to the "constant" F -isocrystal. Combining these two pairings shows the result.
The following lemma partially explains the relationship between slopes and effectivity.
Lemma 5.13. Let X/k be a smooth variety over a perfect field of characteristic p and let E be an F -isocrystal on X. Then • all of the slopes of E at all x ∈ |X| are non-negative if and only if there exists a dense Zariski open U ⊂ X with complement of codimension at least 2 such that E| U is effective (i.e. comes from an F -crystal).
• Furthermore, all of the slopes of E at all points x ∈| X | are between 0 and 1 if and only if there exists a dense Zariski open U ⊂ X with complement of codimension at least 2 such that E| U comes from a Dieudonné crystal.
Proof. The "only if" of both statements follows from the following facts.
( Finally, given any F -crystal M with slopes no greater than 1, define
Remark 5.14. The F -crystal constructed in Lemma 5.13 is not unique. Indeed, any isogenous and non-isomorphic F -crystal M ′ will also work.
Irreducible Rank 2 Coefficient Objects
Given a rank 2 p-adic coefficient object, we construct a (non-unique) p-divisible group that is "compatible" with it. These p-divisible groups are almost canonically quasi-polarized, in analogy with [CS08, Lemma 10.1, Lemma 10.4] though we will not need this precise statement in the rest of this article.
Lemma 6.1. Let X/F q be a smooth variety and let E be a semi-simple rank 2 coefficient object on X with trivial determinant. Then E ∼ = E * .
Remark 6.2. Morally speaking, this is because there is an exceptional isomorphism
Therefore there is likely a "Tannakian" proof. We do not pursue this line here.
Proof. By Theorem 3.16, it suffices to show that the Frobenius traces are the same at all x ∈ X
• Case 1. The l-adic case: let ρ :Ẑ → GL 2 (Q l ) have trivial determinant, withẐ generated by 1. Then
If λ and λ −1 are the (generalized) eigenvalues of ρ(1), then λ and λ −1 are also the (generalized) eigenvalues of ρ * (1), whence the conclusion. Case 2. The p-adic case: let (V, F ) be an object of F-Isoc(F q ) Q p , i.e. V is a rank 2 free Q q ⊗ Q pmodule and F : V → V is a σ ⊗ Id Q p -linear bijection. Then the dual F -isocrystal is defined by the formula (V * , F * )
where V * is the Q q ⊗ Q p -linear dual of V and F * is defined by the formula
Pick a basis v 1 , v 2 of V , such that the "matrix" of F in this basis is
By the assumption that the determinant is trivial, we may choose this basis such that det A = 1 by [Kri17, Proposition 6.5]. Then the "matrix" of
it is again given by inverse-transpose). Now, F d is given on the basis v 1 , v 2 by the formula
In particular, the matrix of (F * ) d is obtained from the matrix of Theorem 6.3. Let X/F q be a smooth variety, K a p-adic local field, and E ∈ F-Isoc † (X) K an absolutely irreducible rank 2 crystalline coefficient object on X. Suppose E has det E ∼ = K(−1) . Then there exists
• a dense Zariski open U ⊂ X with complement of codimension at least 2 • a (non-unique) BT group G on U together with multiplication by an order O ⊂ K such that D(G) ⊗ Q ∈ F-Isoc † (X) K is a rank 2, absolutely irreducible object with determinant K(−1) and D(G) ⊗ Q ∼ = E. Moreover, G is quasi-polarizable as a BT group with O-structure, and any two such quasi-polarizations are related by some k ∈ K * .
Proof. The object E(1/2) has trivial determinant; Theorem 4.14 therefore implies that the slopes are in the interval [− The slopes of E are in the interval [0, 1], so the same is true for the semi-simple object
by Facts 3.3, 3.9. Lemma 5.13 implies that there exists a (non-unique) Dieudonné crystal M underlying Res In particular, the fact that Res K Qp E has multiplications by K as an F -isocrystal implies that M has multiplication by some order O in K (as an F -crystal). Now apply Corollary 5.8 to construct a BT group G with multiplication by O; the defining property is that D(G) ∼ = M as F -crystals with O-structure.
Finally, the following Lemma 6.4 will ensure that G is quasi-polarizable as a BT group with Ostructure.
Lemma 6.4. Let U/F q be a smooth variety and let O ⊂ K be an order in a p-adic local field. Let G be a BT group on X with multiplication by O such that
is a rank 2, absolutely irreducible object of F-Isoc † (U ) K with determinant K(−1). Then there exists a quasi-polarization that commutes with the O-strucutre:
This quasi-polarization is "unique up to scale": for any two such quasi-polarizations φ and φ ′ , there exists k ∈ K * such that φ ′ = kφ.
Proof. We first carefully describe the hypothesis. Given G with multiplication by O, the contravariant Dieudonné functor produces M := D(G) ∈ DC(U ) O a.k.a a Dieudonné crystal on U with multiplication by O. In particular, by forgetting the operator V we may consider D(G) as an F -crystal with multiplication by O. Then
and the hypothesis is that this object is overconvergent, absolutely irreducible, and has rank 2.
As duality is an involutive (contravariant) functor on DC(U ), a commutative algebra acts on M if and only it acts on M ∨ ; in particular, O acts on M ∨ . As E has rank 2 and determinant K(−1), E ∼ = E * (−1) by Lemma 6.1. Lemma 5.12 then implies that M ⊗ Q and M ∨ ⊗ Q are isomorphic as objects of F-Isoc † (U ) K . Then Lemma 5.9 implies that M and M ∨ are isogenous as F -crystals with O-structure, and hence as Dieudonné crystals with O-structure.
We now know that that there exists a non-zero O-linear isogeny
and as E is absolutely irreducible, any such isomorphism is unique up-to-scale by Schur's lemma. We will now show it is skew-symmetric. We have an induced non-zero morphism in F-Isoc † (U ) K .
E ⊗ E → K(−1)
(where K is the unit object in F-Isoc † (U ) K ) and our goal is to check that, under our hypotheses, this pairing is skew-symmetric. Such a map is an element of the one-dimensional K-vector space
where the unadorned font indicates categorical Hom and not inner Hom. This K-vector space splits as a direct sum
On the other hand, det(E) ∼ = K(−1); hence by matching dimensions
and in particular any non-zero morphism E → E * (−1) is necessarily skew symmetric, as desired. Remark 5.11 implies that D(G t ) ∼ = M ∨ . Corollary 5.8 then implies that φ exhibits G and G t as isogenous BT groups with O-structure. The skew-symmetry of the isomorphism E → E * (−1) implies that G is quasi-polarizable as a BT group with O-structure. Moreover, Hom O (M , M ∨ ) is a torsion-free O-module and hence we have an injection
into a rank-1 K vector space. (Here the second equality comes from Kedlaya's full-faithfulness theorem [Ked04, Theorem 1.1]). Therefore φ is unique up-to-scale, as desired. 
A question of Grothendieck
In this section, we answer the question posed in [Gro66, 4.9], see Corollary 7.8. The argument is indeed similar to the arguments of [Gro66, Section 4]; the primary "new input" is [dJ98b, 2.5]. However, some complications arise due to the fact that reduced schemes are not necessarily geometrically reduced over imperfect ground fields.
The first lemma we prove is essentially the "uniqueness of analytic continuation".
Lemma 7.1. Let X be an integral noetherian scheme and let Y be a separated scheme. Let Z X be a non-empty closed subscheme. Let u, v : X → Y be two morphisms that agree when "restricted" to the formal scheme X /Z . Then u = v.
Proof. Denote by Z n the n th formal neighborhood of Z. Then the data of the map X /Z → X is equivalent to the data of the maps Z n → X [Sta18, Tag 0AI6]. In other words, it suffices to prove that the set of closed immersions {Z n → X} n≥0 are jointly schematically dense. By [GD66, 11.10.1(d)]: it suffices to prove to prove the corresponding statement for every open affine Spec(R) ⊂ X. Let I be the ideal corresponding to of Z| Spec(R) . Then R is a (noetherian) domain. Krull's intersection lemma yields that the map of rings R → lim n R/I n is injective and [GD66, 11.10.1(a)] then implies the desired schematic density.
We recall a well-known theorem of de Jong and Tate.
Theorem 7.2. (de Jong-Tate) Let X be a noetherian normal integral scheme with generic point η.
Let G and H be p-divisible groups over X. Then the natural map
is an isomorphism.
Proof. We immediately reduce to the case where X ∼ = Spec(R). Then, as R is normal
where p runs over all of the height 1 primes. On the other hand, as R is normal, if p is a height 1 prime, then R p is a discrete valuation ring. We are therefore reduced to proving the lemma over a discrete valuation ring, which results from [dJ98b, Corollary 1.2] when the generic fiber has characteristic p and [Tat67, Theorem 4] when the generic fiber has characteristic 0.
Definition 7.3. Let K/k be a field extension. We say that it is primary if k is separably closed in K and regular if k is algebraically closed in K.
The following proposition directly imitates Conrad's descent-theoretic proof of a theorem of Chow [Con06, Theorem 3.19].
Proposition 7.4. Let K/k be a primary extension of fields. Let G and H be BT groups on k. Then the natural injective map
Proof. As Hom K (G K , H K ) is a finite free Z p -module, we immediately reduce to the case that K/k is finitely generated. Let
where the double arrows refer to the maps 
is injective, we would be done. As K/k is primary and finitely generated, it suffices to treat the following two cases.
Case 1. Suppose K/k is a finite, purely inseparable extension of characteristic p. Then K ′ is an Artin local ring. Moreover, the ideal I = ker(∆) is nilpotent. As K ′ is a ring which is killed by p and I is nilpotent, the desired injectivity follows from a lemma of Drinfeld Lemma 7.5. Let X/k be a normal, geometrically connected scheme of finite type over a field of characteristic p and let π : A → X be an abelian scheme. Then the following are equivalent
(1) The BT group A[p ∞ ] is isomorphic to the pullback of a BT group G 0 /k. (2) There exists an abelian scheme B 0 /k such that A is isomorphic to the pullback of B 0 .
Proof. That (2) implies (1) is evident, so we prove the reverse implication. First of all, as Grothendieck observes in the beginning of the proof of [Gro66, Proposition 4.4], it follows from [Gro66, Proposition 1.2] that it is equivalent to prove the lemma over the generic point η = Spec(k(X)). The hypotheses on X/k imply that k(X)/k is a finitely generated primary extension. The obvious candidate for B 0 is then the Chow k(X)/k trace, denoted by T r k(X)/k (A η ). This exists, and if (2) holds, this works and is unique up to unique isomorphism by [Con06, Theorem 6.2, Theorem 6.4(2)]. Set B 0 = T r k(X)/k A η ; then B 0 is an abelian variety over k equipped with a homomorphism B 0,η → A η with finite kernel.
Let k ′ be the algebraic closure of k in k(X). Then k ′ /k is a finite, purely inseparable extension. If we prove the theorem for the geometrically integral scheme X/k ′ , then by the following Proposition 7.6 we will have proven the theorem for X/k. Therefore we reduce to the case that X/k is geometrically integral.
We now explain why we may reduce to the case k =k. As X/k is now supposed to be geometrically integral, k(X)/k is a regular field extension and [Con06, Theorem 5.4] implies that the construction of k(X)/k trace commutes with arbitrary field extensions E/k. On the other hand, the k(X)-morphism B 0,η → A η is an isomorphism if and only if the it is when base-changed tok(X).
Next we explain why we may reduce to the case that A[l] → X is isomorphic to a trivial étale cover (maintaining the assumption that k =k). Let Y → X be the finite, connected Galois cover that trivializes A[l]. Suppose there exists an abelian variety C 0 /k such that A Y ∼ = C 0,Y as abelian schemes over Y . Let I := Isom(C 0,X , A) be the X-scheme of isomorphisms between C 0,X and A. Our assumption is that I(Y ) is non-empty and our goal is to prove that I(X) is non-empty.
Pick isomorphisms C 0 [p ∞ ] ∼ = G 0 and A[p ∞ ] ∼ = G 0,X once and for all. Then we have a commutative square of sets, where the horizontal arrows are injective because the p-divisible group of an abelian scheme is relatively schematically dense. (G 0,Y ) is trivial because the fixed points are Aut X (G 0,X ); therefore the action of H on I(Y ) is trivial. Our running assumption was that we had an element of I(Y ). Then Galois descent implies that I(X) is non-empty, as desired.
We can find a polarization by [FC90, Remark 1.10(a)] (as X is a noetherian normal scheme), so assume we have one of degree d. Assume that k =k and that there exists an l ≥ 3 such that A[l] → X is isomorphic to a trivial étale cover. Let x ∈ X(k) be a k-point and let C 0 := A x . Denote by C := C 0,X be the "constant" abelian scheme with fiber C 0 . There are two induced "moduli" maps from X to the separated moduli scheme A g,d,l . Consider the restrictions of these moduli maps to the formal scheme X /x : Serre-Tate theory [Kat81, Theorem 1.2.1] ensures that the two formal moduli maps from X /x to A g,d,l agree. Then by Lemma 7.1 the two moduli maps agree on the nose, whence the conclusion.
Proposition 7.6. Let K/k be a finite, purely inseparable field extension. Let A/K be an abelian variety such that A[p ∞ ] is the pullback of a BT group G 0 over k. Then A is pulled back from an abelian variety over k. Corollary 7.8. Let X be a locally noetherian normal scheme and U ⊂ X be an open dense subset whose complement has characteristic p. Let A U → U be an abelian scheme. Then A U extends to an abelian scheme over S if and only if A U [p ∞ ] extends to X.
Proof. When X is the spectrum of a discrete valuation ring, this follows from Grothendieck The reductions in the proof on [Gro66, page 73] immediately bring us to the following case: X is integral, A U → U has a polarization of degree d, and the l-torsion is isomorphic to the trivial étale cover of U . In particular, we have a map f : U → A g,d,l , where the latter fine moduli space is a separated scheme of finite type over Z.
Let X ′ denote the closure of the graph of f . Then the valuative criterion of properness together with the case of discrete valuation rings discussed above imply that the morphism X ′ → X is proper. Let X ′′ be the normalization of X ′ . As we make no "Japanese" assumption, X ′′ → X ′ may not be finite; on the other hand, by a theorem of Nagata it has reduced and finite fibers [GD64, Chapitre 0, 23.2.6]. For every point x of X, let Y := (X ′′ x ) red and Z := (X ′ x ) red ; then the natural map Y → Z has reduced and finite fibers by the preceeding sentence. Let B ′ and B ′′ be the abelian schemes on X ′ and X ′′ respectively, induced from the map
and note that Z/k is proper, reduced, and geometrically connected (only the last part is non-trivial: as X is a noetherian normal scheme and X ′ → X is a proper birational morphism, it follows from Zariski's main theorem). It suffices to prove that for every point x of X, the map Z → A g,d,l factors through x = Spec(k):
Let G be the BT group that exists by assumption on X and G ′′ the pullback to
Y has constant (with respect to k) BT group over Y .
We may of course assume that x ∈ X\U and in particular that char(k) = p. To prove the desired statement about the map Z → A g,d,l , we claim that we may replace Z by Z ′ i , the irreducible components of a scheme Z ′ that is finite and dominant over Z, and k by
). Indeed, as Z/k be proper, reduced, and geometrically connected, the ring K := H 0 (Z, O Z ) is a finite, purely inseparable field extension of k. If we prove that each of the maps Z 
). By construction, the Y ′ i /k i are normal, geometrically connected, of finite type, and the BT group of the associated abelian scheme on Y ′ i is constant with respect to k i . We may therefore directly apply Corollary 7.7.
Lefschetz Theorems I
Setup 8.1. Let X/F q be a smooth projective variety of dimension n and let (E v ) v∈Λ be a complete collection of p-adic companions (see Definition 4.5) that are rank 2, absolutely irreducible, have infinite monodromy, and have determinant Q p (−1). We say C ⊂ X is a good curve with respect to (X, (E v )) if
• The curve C/F q is smooth, proper, and geometrically irreducible.
• There exists U ⊂ X such that each of the E v is effective on U and C ⊂ U .
• There exists smooth, very ample divisors {D i } of X where D i ⊂ U such that the (schemetheoretic) intersections
are all regular.
• There is an equality C = Z n−1 of subschemes of X. We assume that there is a good curve C together with an abelian scheme π C :
where m v ≥ 0; in other words, we assume that p-adic Conjecture 1.2 is true for the pair (C, (E λ )). The following proposition is simple book-keeping with isogenies. This will be necessary when we apply the Serre-Tate theorem.
Proposition 8.4. Assume Setup 8.1. Then there exists
Proof. Suppose the hypotheses and for notational simplicity, let
Pick a p-adic local field K over which all of the E λ are defined. Then Setup 8.1 implies
where now E λ ∈ F-Isoc † (X) K . Now, F C contains a natural lattice:
On the other hand, Res
is a lattice inside of Res
Use Theorem 6.3 to construct a Barsotti-Tate group G U on U with multiplication by an order O ⊂ K such that
and take the kernel H. Then H is a finite, locally free group subscheme of A
/H] is again an abelian scheme over C (see the paragraph after [CCO14, 3.3 
We state the simplest case of a theorem of a Lefschetz theorem of Abe-Esnault, which will be useful for us to prove Lemma 8.6, a Lefschetz theorem for homomorphisms of BT groups.
Theorem 8.5. (Abe-Esnault) Let X/k be a smooth projective variety over a perfect field k of characteristic p with dim X ≥ 2 and let D ⊂ X be a smooth, very ample divisor. Then for any E ∈ F-Isoc(X) Q p , the following restriction map is an isomorphism
Proof. Note that E is automatically overconvergent as S is projective. Lemma 8.6. Let X/k be a smooth projective variety over a field k of characteristic p with dim X ≥ 2 and let U ⊂ S be a Zariski open subset with complement of codimension at least 2. Let G U and H U be BT groups on U . Let D ⊂ U be a smooth, very ample divisor in X and denote by G D (resp. H D ) the restruction of G U (resp. H U ) to D. Then the following restriction map
Proof. We first reduce to the case that k is perfect. Let k ′ /k be a field extension and let U ′ := U × k k ′ . By Theorem 7.2, the natural map
is an isomorphism and similarly for D. Let l/k be a perfect closure; it is in particular a primary extension. Therefore l(U )/k(U ) and l(D)/k(D) are also primary extensions and hence Proposition 7.4 implies both sides of the equation are unchanged when we replace k by l.
Both the left and the right hand side are torsion-free Z p -modules. We have the following diagram
We explain what E and F are. Consider the following diagram:
The first arrow is an equivalence of categories because X is proper and the second arrow an equivalence of categories by work of Kedlaya-Shiho [Ked16, Theorem 5.1] because the complement of U has codimension at least 2. Hence D(G U ) ⊗ Q and D(H U ) ⊗ Q have canonical extensions to X, which we denote by E and F respectively. The lower right hand vertical arrow is an isomorphism, again by the above equivalence of categories. Moreover we have the isomorphisms
Our goal is to prove that res, an application of the "restrict to D" functor, is injective with cokernel killed by a power of p. As Hom D (G D , H D ) is a finite free Z p -module, it is equivalent to prove that the induced map
is an isomorphism of Q p -vector spaces. By chasing the diagram, this is equivalent to the bottom horizontal arrow being an isomorphism. This arrow is an isomorphism due to Theorem 8.5 (which, as stated, requires k to be perfect).
In a similar vein, we write down a Lefschetz theorem for homomorphisms of abelian schemes.
Theorem 8.7. Let X/k be a smooth projective variety over a field k with dim X ≥ 2 and let U ⊂ X be a Zariski open subset whose complement has codimension at least 2. Let A U → U and B U → U be abelian schemes over U . Let D ⊂ U be a smooth ample divisor of X, and denote by A C (resp. B C ) the restriction of A U (resp. B U ) to D. Then the natural restriction map
is an isomorphism when tensored with Q. If the cokernel is non-zero, then char(F ) = p and the cokernel is killed by a power of p.
Proof. We first remark that the above map is well-known to be injective and does not require any positivity property of D; immediately reduce to the case of a discrete valuation ring. We now reduce to the case when F is a finitely generated field. Both sides of Equation 8.1 are finite free Z-modules; hence we my replace k by a finitely generated subfield over which everything in Equation 8.1 is defined without changing either the LHS or the RHS.
By [FC90, Ch. I, Prop. 2.7], the natural map
is an isomorphism, and similarly for D. Now, as both sides of Equation 8.1 are finite free Z-modules, it suffices to examine its completion at all finite places. There are two cases. Case 1. char(k) = 0. Then "Tate's isogeny theorem" is true for U and D; that is, the natural map
is an isomorphism for every l, and similarly for D; this is a combination of work of Faltings [FWG + 92, Theorem 1, Page 211] and Equation 8.2. On the other hand, the hypotheses imply that the "restriction" map π 1 (D) → π 1 (U ) is surjective; therefore the natural map
is an isomorphism. Moreover, this is true for all l. Therefore Equation 8.1 is an isomorphism. Case 2. char(k) = p. Then "Tate's isogeny theorem", in this case a theorem of Tate-Zarhin [Tat66, Zar75] together with 8.2, implies that the argument of part (1) works as long as l = p. Therefore Equation 8.1 is rationally an isomorphism and the cokernel is killed by a power of p.
Remark 8.8. Daniel Litt indicated to us that there is a more "elementary" proof of Theorem 8.7 (i.e. not using Faltings' resolution of the Tate conjecture for divisors on abelian varieties) when char(F ) = 0 along the lines of his thesis. He also pointed out that, when F ∼ = C, the result follows from the theorem of the fixed part.
Example 8.9. Litt constructed a counterexample to Equation 8.1 always being an isomorphism in characteristic p. Let E/F be a supersingular elliptic curve, so α p ⊂ E is a subgroup scheme. Then E × E × E contains α 3 p as a subgroup scheme. There is a injective homomorphism
given as follows: if [x : y : z] are the coordinates on P 2 and (α, β, γ) are linear coordinates on α 3 p ⊂ A 3 , then the above map is defined by the equation
Let A → P 2 be the quotient of the constant E × E × E family over P 2 by this varying family of α p . This family admits a principle polarization and the induced image
is infinite, see the text after [LO98, page 59, 9.4.16]. Suppose there exists a line H ⊂ P 2 , an automorphism φ of P 2 that fixes H pointwise, and a point p ∈ P 2 \H with the fibers A p and A φ −1 (p) non-isomorphic as unpolarized abelian threefolds. Let B := φ * A, a new family of abelian threefolds over P 2 . Then A| H ∼ = B| H but A ≇ B as abelian schemes over P 2 . We now explain why we can always find such a triple (H, φ, p). It suffices to find two points p, q ∈ P 2 such that A p ≇ A q ; we can then of course find an automorphism that sends p to q and fixes a line. For fixed g ≥ 2, a theorem of Deligne implies that there is only one isomorphism class of superspecial abelian variety of dimension g over F [Shi79, Theorem 3.5]. Now, any abelian variety has finitely many polarizations of any fixed degree [NN81, Theorem 1.1]; therefore we can find p, q ∈ P 2 (F) such that A p is superspecial and A q is not, as desired.
The primary application of 8.6 is to show that certain quasi-polarizations lift.
Corollary 8.10. Let X/k be a smooth projective variety over a field k of characteristic p with dim X ≥ 2, let U ⊂ X be a Zariski open subset with complement of codimension at least 2, and let D ⊂ U be a smooth, very ample divisor in X. Let G U be a BT group on U . Then the natural map
is injective and moreover for any φ D ∈ QP ol(G D ), there exists n ≥ 0 such that p n φ D is the in the image of the above map.
Proof. We have a commutative square
where the vertical arrow on the right is injective with torsion cokernel by Lemma 8.6. Now, QP ol(
; to prove the corollary we must check that ψ is an isogeny and anti-symmetric on all of U .
First of all, we remark that the "transpose" map commutes with the vertical right hand arrow, "restriction to D". As the vertical right hand arrow is injective, the skew-symmetry of p n φ D implies that ψ is automatically skew-symmetric. Moreover, ψ is an isogeny on D; hence ψ is an isogeny on a Zariski open set U ′ ⊂ U by the paragraph after [CCO14, 3.3.9] . (All that is needed is that ψ is an isogeny at a single point u ∈ U .) By a theorem of de Jong [dJ98b, 1.2], ψ is an isogeny everywhere because U is integral and normal (see [CCO14, 3.3 .10] for a thorough discussion of these issues).
Corollary 8.11. Let X/k be a smooth projective variety over a field k of characteristic p with dim X ≥ 2, let D ⊂ U be a smooth, very ample divisor of X, and let D ⊂ U be a Zariski neighborhood of D. Let A D → D be an abelian scheme and let G U be a BT group on U such that 
Lefschetz Theorems II
Good references for this section are [Gro05] and [Lit16] .
Definition 9.1. [Gro05, Exposé X, Section 2] We say a pair of a noetherian scheme X and a nonempty closed subscheme Z satisfies the property LEF (X, Z) if for any vector bundle E on a Zariski neighborhood U ⊃ Z, the "restriction" map is an isomorphism:
The following lemma is a essentially a special case of [Lit16, Lemma 5.2].
Lemma 9.2. Let X/k be a smooth projective variety with dim X ≥ 2, let D ⊂ X be an ample divisor and let Y/k be a finite-type Artin stack with finite diagonal. Suppose we have a map When Y is a scheme, uniqueness follows from Corollary 2.11 of ibid. (this does not use that X is smooth, only integral). By plugging in Corollary 2.11 into the proof of Lemma 5.2, we get the desired uniqueness.
Question 9.3. Is Lemma 9.2 true if instead we assume that D ⊂ X is a smooth curve that is the intersection of (smooth) ample divisors?
Litt also explained the following lemma to the first author.
Lemma 9.4. Let X/k be a smooth projective variety, let D ⊂ X be a smooth ample divisor, and let D ⊂ U be a Zariski neighborhood. Suppose dim X ≥ 2. Let G U and H U be finite flat group schemes or BT groups on U . Suppose G| X /D ∼ = H| X /D . Then G U ∼ = H U .
Proof. The lemma for BT groups immediately follows from the statement for finite flat group schemes, so we assume G U and H U are finite flat group schemes. We remark that the LEF (X, D) is satisfied by [Gro05, Exposé X, Exemple 2.2]. By definition, this means for any vector bundle E on a Zariski neighborhood V ⊃ D, the natural restriction map on sections
is an isomorphism. Now, G and Remark 9.6. If p|d, the Deligne-Mumford stack A g,d ⊗ F is neither smooth nor tame.
Remark 9.7. Corollary 9.5 is not true if one drops the dimension assumption. For example, let X be the good reduction modulo p of a moduli space of fake elliptic curves, together with a universal family A → X of abelian surfaces with quaternionic multiplication. There is a decomposition A[p ∞ ] ∼ = G ⊕ G, where G is a height 2, dimension 1, everywhere versally deformed BT group G. Over any point x ∈ X (F), there exists an elliptic curve E/F such that E[p ∞ ] ∼ = G x . On the other hand, the induced formal deformation of the elliptic curve E → x certainly does not extend to a non-isotrivial elliptic curve over X.
We now have all of the ingredients to prove that if one assumes there is a complete set of p-adic companions, then on a smooth projective variety X/F q , Conjecture 1.2 reduces to the case of projective curves on X. Proof. We recall the conclusions of Proposition 8.4. Here, U ⊂ X is an open subset, whose complement is of codimension at least 2, G U is a BT group on U , and B C → C is an abelian scheme of dimension h = g[K :
Q p ] such that
Furthermore, {D i ⊂ U } are smooth, very ample divisors in X that such that the transverse intersections Z r = ∩ r i=1 D i are smooth over F q and Z n−1 = C. As C is smooth and very ample in Z n−2 , applying Corollary 9.5 we obtain a unique extension to an abelian scheme B n−2 → Z n−2 such that
as Barsotti-Tate groups on Z n−2 . We iterate this procedure to an abelian scheme B U → U of dimension h such that B U [p ∞ ] ∼ = G is rationally an isomorphism. Take any homomorphism φ : B C → B C whose image is isogenous to a single copy of A C , an abelian scheme of dimension g. Some p N φ lifts to B U and the image will be an abelian scheme π 
